Abstract. For an area-preserving twist map F of a finite annulus, we obtain "quasi-foliations" of the annulus by one-sided-F -invariant graphs of functions that are either continuous (in which case the graph is a fully invariant curve) or have countably many jump discontinuities. For each of the one-sided-invariant graphs there is a well defined (one-sided) rotation number and all the numbers between the rotation numbers associated with the boundary circles are obtained.
1. Twist maps 1.1. Definitions and notations. We assume 0 < r 1 < r 2 < ∞ throughout, and denote (the finite annulus) A = {(ϑ, r) : ϑ ∈ T = R/Z, r 1 ≤ r ≤ r 2 }.
A twist map of the finite annulus is an orientation preserving homeomorphism F = ( ϑF, rF ) of A, that satisfies the "twist" condition:
For every ϑ 0 the function ϑF (ϑ 0 , r) is strictly monotone in r. The condition implies that ϑF (ϑ 0 , r) is either increasing for all ϑ 0 or decreasing for all ϑ 0 . In the first case we say that F twists to the right (counterclockwise), and in the second to the left (clockwise). Notice that a homeomorphism F twists to the right if, and only if, F −1 twists to the left. If F is a diffeomorphism, the twist condition for right twist can be stated as ∂ ϑF ∂r ≥ 0 with equality allowed at points but not on vertical intervals. The reverse inequality holds for left twist. The uniform inequality ∂ ϑF ∂r ≥ a > 0 defines uniform twist.
Our goal is to obtain invariant sets for F , and without some additional condition there may be none except for the boundary circles. For example consider the map on 1 ≤ r ≤ 2, defined by (ϑ, r) → (ϑ + r, 1 + √ r − 1). All orbits (of interior points) converge to the outer circle as n → ∞ and to the inner circle as n → −∞. The additional condition that we assume throughout the paper is that F is area-preserving. Some of the arguments below could be done based on weaker assumptions, and throughout we could replace the assumption that the area is preserved by the existence of a globally supported invariant measure for which all sets of dimension 1 are null sets. The reader who needs the results presented here in the context of such an invariant measure can redefine "area" as given by that measure and proceed to read the paper.
Area preserving twist maps do indeed have many invariant sets. Our main result is the following theorem (Theorem 3.3 below).
Theorem. Assume that F is an area-preserving twist map of the finite annulus A . Then, for each 0 < a < area(A) there exists a continuous (except for, possibly, jump discontinuities) function r = ϕ a (ϑ) such that a. For a < a , ϕ a ≤ ϕ a , b. ϕ a (ϑ)dϑ − r 1 = a, c. The graph of ϕ a is invariant under F −1 .
If for some a, ϕ a is continuous then the graph is fully invariant; otherwise it contains a fully invariant set.
Rotation numbers.
If F is a twist map on A and z ∈ A we define the future-rotation-number ρ + (F, z) or just ρ + (z) (when there is no ambiguity about F ), as the element α ∈ T-if it exists-such that ϑ • F j (z) → jα for j ∈ N is orientation preserving (as subsets of T).
Similarly, the past-rotation-number, ρ − (F, z) = α if ϑ • F j (z) → jα for −j ∈ N is orientation preserving. Finally, the rotation-number (if it exists), ρ(F, z) = α if ϑ • F j (z) → jα for j ∈ Z is orientation preserving. More generally, we say that an orbit segment {F j (z)} j∈J , with J ⊂ Z an interval, is α-consistent if the mapping ϑ • F j (z) → jα for j ∈ J is orientation preserving. Notice that if J is finite, the condition can determine α uniquely only if α is rational (that is, if ϑ • F j (z) is periodic on J). We denote by RoT(α) the set of the points in A which have the rotation number α. Also RoT − (α) = {z : ρ − (z) = α} and RoT + (α) = {z : ρ + (z) = α}.
Lemma. The functions ρ(z), ρ − (z) and ρ + (z) are continuous on their domains of definition.
Proof. If ϑ(F j (z 0 )) are all distinct for j in a finite interval J ⊂ Z and if z 1 is close enough to z 0 , then the order types of {ϑ(F j (z 0 )) j∈J } and {ϑ(F j (z 1 )) j∈J } are the same. If both points have rotation numbers this implies that the first m coefficients in the continued fraction expansions of the two rotation numbers agree, with m depending on the length of J and increasing unboundedly with the latter.
Q E D
Definition. An Aubry-Mather set for α is a minimal F -invariant subset of
RoT(α).
Since F restricted to each of the boundary circles is an orientation preserving homeomorphism thereof, we have a rotation number for each of the two restrictions, say α int and α ext . If α int is irrational then all the points on the interior boundary circle have it as rotation number; if it is rational then at least some of them do. Similarly for the outer circle. These are the only obvious cases where we can claim that points exist with a given rotation number, and if F is not area-preserving there may exist no other points with rotation numbers. This is seen in the example described earlier, in which all the interior points migrate to the outer boundary circle as n → ∞ and to the inner boundary as n → −∞. The story changes dramatically when we assume that F is area-preserving; an easy corollary to our main result is the following:
Theorem. Let F be area preserving right (left) twist map on A.
This plus some additional description of the structure of AM(α) is essentially the content of the Aubry-Mather theorem.
Pseudographs.
A function r = ψ(ϑ) is left-appropriate if it is continuous except for, possibly, positive jump discontinuities. In other words, the limits ψ(ϑ 0 +) = lim ϑ→ϑ0+0 ψ(ϑ) and ψ(ϑ 0 −) = lim ϑ→ϑ0−0 ψ(ϑ) exist at every point ϑ 0 , and
The condition clearly implies that there are only a finite number of jumps exceeding any positive ε and ψ is therefore continuous except maybe on a countable set. Both points (ϑ 0 , ψ(ϑ 0 −)) and (ϑ 0 , ψ(ϑ 0 +)) will be considered points of the graph of ψ. With this convention the graph is a closed set which we denoteψ.
The (left) pseudograph of ψ, denoted ψ, is the curve in A obtained by adding toψ the vertical line segments connecting (ϑ 0 , ψ(ϑ 0 −)) with (ϑ 0 , ψ(ϑ 0 +)) at every point of discontinuity of ψ. A (left) pseudograph is the pseudograph of some (left) appropriate function. We refer toψ as the horizontal part of ψ.
We define right-appropriate similarly by allowing (only) negative jumps, and right pseudographs by completing the graphs of right-appropriate functions.
A pseudograph ψ is clearly a simple closed curve in A, homotopic to the boundary circles. If γ is any such curve, then each component of its complement in A has boundary parts in γ as well as in one of the boundary circles. We refer to the first as inner regions (components that touch the inner boundary circle) and the latter as outer regions. If γ does not intersect the boundary circles there is one outer and one inner regions, both topological annuli, which we denote resp. by A e (γ) and A i (γ). The area of γ, denoted area(γ) is by definition the area (see 1.1) of the inner region(s) defined by γ.
We have a natural partial order on the set of pseudographs given by the partial order on the corresponding functions: ψ 1 ψ 2 when ψ 1 ≤ ψ 2 . This partial order extends to all simple closed curves which are homotopic to the boundary circles, the condition being that the "bigger" curve be contained in the closure of the outer regions of the "smaller" one.
The action of F on pseudographs.
We assume throughout this section that F is a left twist and that we deal with left pseudographs.
2.1.
The definition of a left twist, specifically the condition that the functions ϑF (ϑ 0 , r) are strictly decreasing, permits inversion. On the F -image of each vertical V ϑ0 = {(ϑ, r) : ϑ = ϑ 0 } r is a well defined continuous function of ϑ. These functions form a compact family and hence obey a common modulus of continuity that we denote by δ = δ F . Thus if (ϑ 1 , r 1 ) and (ϑ 2 , r 2 ) are points on F (V ϑ0 ) then (2.1)
Let ψ be a (left) pseudograph and t is a parameterization in terms of which ϑ is increasing, andã small enough to guarantee that ϑ(s) varies less than 1/10 when s varies less thanã. For u ∈ (t, t +ã) the vector − −−−−−− → ψ(t), ψ(u) points either into the right-half of the (ϑ, r)-plane or straight up. The (left) twist condition implies that
points into the area above the image under F of the vertical passing through ψ(t). It cannot point straight down and in fact by (2.1) we have
Similarly, for s ∈ (t −ã, t), the vector − −−−−−− → ψ(t), ψ(s) points either into the left-half of the (ϑ, r)-plane or straight down; its image is below the image under F of the vertical passing through ψ(t) and
For the image of a right pseudograph under a right twist, and in particular under F −1 when F is a left twist, we obtain the reverse inequalities: a modulus of continuity δ * = δ * F (x) such that for t −ã < s < t < u < t +ã we have
In particular we have Lemma. If the graph of the function r = ψ(ϑ) is invariant under a twist map F then ψ satisfies a modulus of continuityδ F .
Proof. The graph must satisfy (2.2) and (2.3) as well as (2.4).
Proper curves.
A left-δ-proper curve is a simple closed curve that is homotopic to the boundary circles and which satisfies condition (2.2). We often omit "left" and/or δ when these are otherwise understood.
The natural parametrization for closed curves in the annulus is by (ϑ(t), r(t)), with ϑ ∈ T. The parameter t can be taken in R with the understanding that (ϑ(t), r(t)) is periodic with period 1. It is sometimes convenient, however, to view ϑ as a real number rather than a real number mod 1. In other words, to lift to the the universal cover of the annulus-the strip {(ϑ, r) : r 1 < r < r 2 }. The homotopy condition can then be stated as ϑ(t + 1) = ϑ(t) + 1. It is almost redundant (since the other two conditions guarantee that ϑ(t + 1) = ϑ(t) ± 1) and adds just that the orientation of the curve is "positive".
Recall that the Hausdorff distance between two closed sets E j is defined by
Proposition. There exists functions η j , j = 1, 2, η j (t) → 0 as t → 0, and depend only on δ, such that for δ-proper pseudographs γ j , j = 1, 2, with γ 1 γ 2 , we have
Proof. For (2.5): If x 2 ∈ γ 2 is at distance d from γ 1 the disk of radius d centered at z 2 contain a "wedge" of diameter d and with shape determined by δ, and whose area is therefore ≥ H(δ, r), to the right of and below z 2 within A i (γ 2 ) \ A i (γ 1 ). Similarly, x 1 ∈ γ 1 is at distance d from γ 2 the disk of radius d centered at z 1 contain a "wedge" of diameter d and with shape determined by δ, (whose area is therefore no less than H(δ, r)), to the left of and above z 1 within
. It follows that we can take for η 1 the inverse function of H.
For (2.6): observe first that for every ε > 0 there exists N (ε) such that for any δ-proper pseudograph σ in A there can be no more than N (ε) disjoint intervals in which σ increases by ε or more. This follows from the fact that if σ increases by more than ε on each of the disjoint intervals I j , 0 < j ≤ M , and M >> ε −1 , there must be at least M * ≈ M ε −1 complementary intervals on which σ decreases by at least ε/2 (since the total decrease has to match the increase, and on no interval can the decrease be more than r 2 − r 1 ). By (2.2) the size of each of these intervals is bounded below; this gives a bound on M * and hence on M .
Assume now that dist(γ 1 , γ 2 ) < κ << ε while area(γ 2 ) − area(γ 1 ) > 4ε. The points ϑ at which γ 2 (ϑ) − γ 1 (ϑ) ≤ 2ε contribute less than half the area difference. Consider a point ϑ 0 at which γ 2 (ϑ 0 ) − γ 1 (ϑ 0 ) > 2ε. There exist ϑ −1 < ϑ 0 < ϑ 1 , both within κ from ϑ 0 , such that γ 2 (ϑ −1 ) is within κ from γ 1 (ϑ 0 ) and γ 1 (ϑ 1 ) within κ of γ 2 (ϑ 0 ). Thus both γ's had an increase of more than 2ε−2κ > ε within intervals of length κ containing ϑ 0 . The set {ϑ : γ 2 (ϑ) − γ 1 (ϑ) > 2ε} is therefore covered by intervals of width κ in each one of which γ 1 has an increase of more than ε. By Vitaly's theorem a quarter of the set is covered by disjoint such intervals and we obtain that ε < 4N (ε)κ. Take η 2 the inverse function of ε/4N (ε).
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By the previous subsection, images of appropriate pseudographs under a left twist are left-δ-proper. This property is the only one used in all that follows. Having a specific δ is needed for "uniform" results such as the proposition above. These guarantee that families of proper curves are closed in the natural topology. For the study of a single curve the key point is that there are no "tangent vectors pointing straight down", i.e., that r(t) is increasing at every local minimum and at every local maximum of ϑ(t). It is the infinitesimal version of the following lemma; but first we need some more notations.
Given a curve γ(t) = (ϑ(t), r(t)), we denote A(ϑ 0 ) = {t : ϑ(t) = ϑ 0 } . The condition ϑ(t) = ϑ 0 is interpreted verbatim, without reducing ϑ modulo 1.
The set A(ϑ 0 ) gives more information about the intersection of γ with the vertical at ϑ 0 than we would have had we reduced ϑ modulo 1. If γ(t) is on the vertical at ϑ 0 then, because of the basic condition ϑ(t + 1) = ϑ(t) + 1, we have
is another such point, and t * + k ∈ A(ϑ 0 ), then γ wraps around the annulus exactly j − k times as it moves from γ(t * ) to γ(t).
Lemma. If γ(t) = (ϑ(t), r(t)) is a left-proper curve then r(t) is monotone increasing in t on A(ϑ 0 ) for every ϑ 0 .
Proof. Fix ϑ 0 . Since r(t) is increasing on intervals contained in A(ϑ 0 ) (if any) and by definition the claim is satisfied locally (i.e., for small variation in the parameter), it is enough to show that if t 1 < t 2 are two consecutive elements in A(ϑ 0 ), then r(t 2 ) > r(t 1 ).
Since ϑ(t) = ϑ 0 for t 1 < t < t 2 , we have either ϑ(t) > ϑ 0 or the reverse inequality throughout the interval. In other words, the segment γ Assuming again that t 1 , t 2 are consecutive elements of some A(ϑ), the curve consisting of the part of γ(t) in [t 1 , t 2 ] completed by the vertical segment connecting γ(t 2 ) to γ(t 1 ) is simple, closed, and homotopically trivial in A. It bounds a Jordan domain which we denote J t1,t2 (γ). Notice that if ϑ(t) ≥ ϑ in (t 1 , t 2 ) then J t1,t2 (γ) ⊂ A e (γ) and vice versa.
Corollary b. If t 1 , t 2 are as in part a. and t 3 , t 4 is another such pair (in some A(ϑ 1 )), such that the intervals (t 1 , t 2 ) and (
Corollary c. If J t1,t2 (γ) loops around A then the loop is inward if J t1,t2 (γ) ⊂ A e (γ), and outward otherwise.
A loop around the annulus corresponds to an interval (t 1 ,t),t ∈ (t 1 , t 2 ) such thatt ∈ A(ϑ(t 1 )) but ϑ(t) ≡ ϑ(t 1 ) mod 1; in other words, ϑ(t) = ϑ(t 1 ) + j, j = 0. If J t1,t2 (γ) ⊂ A e (γ) we have j > 0 andt − j ∈ A(ϑ(t 1 )) is smaller than t 1 so that r(t) = r(t − j) < r(t 1 ).
Trimming.
3.1. Let γ be proper and let t 1 , t 2 ∈ A(ϑ), t 1 < t 2 ; snipping γ along (t 1 , t 2 ) is, by definition, replacing in γ the segment γ (t1, t2) by the vertical line segment connecting the endpoints.
Trimming a proper curve γ consists in finding a maximal closed subset E of T (i.e., 1-periodic on R) on which ϑ(t) is monotone, and snipping γ along the components of T \ E. The maximality of E, guarantees that the endpoints of each component have the same ϑ coordinate.
We shall also say that γ is trimmed along T\E. By Lemma 2.2, the parametrization of the vertical segments that we obtain is necessarily such that r(t) is increasing, and since trimming clearly maintains any downward modulus of continuity the obtained pseudograph is proper.
Example. The upper envelope of a proper curve γ is the pseudograph Uγ, obtained from the function which assigns to every ϑ the maximum height of γ on that vertical. These are all the points "seen from above" and the vertical segments, if any, needed to connect them. The region below the upper envelope of γ contains the region below γ, and the inclusion is proper (and the area is therefore larger) unless γ is a pseudograph and hence equal to its upper envelope. The upper envelope is the maximal pseudograph obtained from γ by trimming. Similarly, the lower envelope Lγ of γ is the pseudograph consisting of all the points of γ "seen from below" (plus any needed vertical segments) and is clearly the minimal pseudograph obtained from γ by trimming.
Both U and L are order-preserving:
An "order-preserving trimming operator" is a trimming recipe T which satisfies the analog of (3.1).
Lemma. Let T be a trimming operator, F a left twist, and γ an arbitrary leftproper curve. Denote γ n = (TF ) n γ and γ ∞ = lim sup γ n , the lim sup in the sense of functions r of ϑ with the obvious allowance for vertical segments. Then γ n and γ ∞ are left-proper pseudographs.
Proof. All the γ n 's have the downward modulus of continuity δ F and this implies the same for γ ∞ .
Q E D 3.2. Birkhoff 's theorem. One can use trimming to obtain invariant curves. In the context of Lemma 3.1 consider, for instance, the case where T = U . We can define γ ∞ directly as lim sup F n γ since parts trimmed by U from F γ n become interior points of the inner annulus A i (γ n+1 ) and all subsequent γ's. This implies that F γ ∞ ≤ γ ∞ and since F is area-preserving we obtain F γ ∞ = γ ∞ .
Finally, if a pseudograph ψ is invariant under UF and has vertical segments, these are mapped by F into the interior of A i (UF (ψ)) = A i (ψ) which would then contain A i (F (ψ)) as a proper subset. This implies that A i (ψ) \ A i (F (ψ)) is a wandering set, which is inconsistent with the assumption that F is area-preserving.
Thus a pseudograph ψ is invariant under UF only if it is a graph invariant under F . We obtained that γ ∞ is an F -invariant graph.
Notice also that for simple curves invariance under F implies invariance under F −1 as well.
The invariant curve we have just obtained could well be a boundary circle; in fact it has to be a boundary circle if F admits no non-trivial invariant curves. If we invoke once more the assumption that F is area-preserving we can add that it is the outer boundary circle since the area is at least that of γ and the area of the inner boundary is zero. If, in the argument above, we use the lower envelope instead of the upper envelope and lim inf instead of lim sup, the roles of inner and outer boundary circles are reversed. Thus, starting with our arbitrary pseudograph γ, we obtain that if F admits no non-trivial invariant graphs then every point in either boundary circle is in the orbit closure of points on γ.
The fact that all the pseudographs in the ranges of (TF ) for all the trimming operators have a common downward modulus of continuity δ F implies that all the limiting operations, sup, lim sup etc, happen uniformly. The fact that γ ∞ is the outer boundary circle is now equivalent to the statement that for any neighborhood U of the latter and any n 1 there exist n 2 such that Γ n1,n2 = sup n1≤j≤n2 γ j is contained in U . Thus, given neighborhoods U j of the outer circle and V j of the inner circle, and given any pseudograph γ, there exists a sequence of positive integers {n i } such that if we define T i = L for n 2j ≤ i < n 2j+1 and T i = U for n 2j+1 ≤ i < n 2j then the sequence γ i = n<i (T n F ) γ has the property that sup i<n2j γ i ⊂ U j and inf i<n2j+1 γ i ⊂ V j .
A variation on the above gives: For any increasing sequence {m j } of positive integers such that m j+1 − m j → ∞, and for any partition N = J 0 ∪ J 1 , there exist points x on γ such that {F mj (x)} j∈J1 converges to the outer boundary circle while {F mj (x)} j∈J0 converges to the inner.
On the other hand if F admits a non-trivial invariant σ which is homotopic to the boundary circles, the inner region A i (σ) is clearly F -invariant, and starting with any γ contained in it we obtain the invariant graph γ ∞ contained in its closure. Since invariant graphs have a modulus of continuity determined by F , the supremum φ max of all the invariant graphs contained in the closure of A i (σ) is the maximal invariant graph in that set. If φ max = σ there exist a (not necessarily invariant) graph γ such that φ max ≺ γ σ. But then we would have φ max ≺ γ ∞ σ which contradicts the maximality of φ max . Thus φ max = σ and we proved the following theorem which, in a weaker form, is due to Birkhoff. The present form of part b. is in the spirit of [3] , [2] , and [1] .
Theorem. Assume that F is a twist map of the annulus A. a. If σ is an F invariant curve which is homotopic to the boundary circles, then it is the graph of a function r = σ(ϑ). b. If F admits no non-trivial invariant graphs then on any pseudograph in the interior of A there exist points whose future orbits come arbitrarily close to both boundary circles.
Notice that the existence of a single point whose orbit comes arbitrarily close to both boundary circles precludes the existence of invariant graphs.
Proper trimming operators. An area-preserving trimming operator is, by definition, a trimming recipe T such that for all proper γ (3.2)
area(Tγ) = area(γ) .
A proper trimming operator is one that is both order-preserving and area-preserving. In Section 4 we show the existence of proper trimming operators for measure preserving twists. Here we assume the existence and draw some of the consequences. Throughout this sectionT will denote a proper trimming operator.
Lemma. Let γ be an arbitrary left-proper curve and, as in Lemma 3.1, denote γ n = (T F ) n γ and γ ∞ = lim sup γ n . Then γ ∞ is (T F )-invariant.
Proof. Denote Γ n = sup j≥n γ j . It is monotone decreasing to γ ∞ and its area converges to the area of γ ∞ . It follows that lim n→∞ (T F )Γ n ≥ (T F )γ ∞ and they have the same areas so that in fact lim n→∞ (T F )Γ n = (T F )γ ∞ . On the other hand, since Γ n ≥ γ j for j ≥ n we have (T F )Γ n ≥ γ j+1 , which means that (T F )Γ n ≥ Γ n+1 and hence lim n→∞ (T F )Γ n = (T F )γ ∞ ≥ γ ∞ . But, since the areas of γ ∞ and (
Corollary.T defines a monotone map γ → γ ∞ from the set of all left-proper curves to the set of (T F )-invariant ones.
As opposed to the case of the UF -invariant curves which turn out to be Finvariant and may not exist except for the boundary circles, (T F )-invariant pseudographs are less F -invariant but more abundant.
If σ is (T F )-invariant, then Fσ ⊃σ, whereσ denotes the "horizontal" part of σ, excluding the (open) vertical segments if any. It follows thatσ is invariant under F −1 . Since F −1 restricted toσ is orientation preserving, all the points ofσ have and share the same past-rotation-number ρ − (σ).
The intersection TAM(σ) of the compact F −nσ is a nonempty compact subset which is F -invariant and whose points all have ρ − (σ) as a (full time) rotation number.
Within TAM(σ) there exist minimal (F -invariant) sets; this is true for any homeomorphism of a compact metric space. If the rotation number is irrational then the minimal set is unique; it is an Aubry-Mather set with the rotation number ρ − (σ) and we denote it AM(σ). The uniqueness follows from the fact that F −1 is orientation-preserving onσ; the complement of any closed invariant subset is made up of intervals which are permuted non recurrently by F −1 and are therefore part of the wandering set of F −1 .
On the abundance side we have
Theorem. There exists a continuous, monotone increasing map a → γ a from the segment [0, area(A)] into the set of all (T F )-invariant pseudographs, such that area(γ a ) = a.
Proof. Take any continuous monotone family (pseudo foliation) of the annulus by left-proper-curves γ(x), 0 ≤ x ≤ 1. Continuous refers to the Hausdorff metric, dist(()γ(x 1 ), γ(x 2 )) is small if x 2 −x 1 is small enough. Monotone means that x 1 < x 2 implies that γ(x 1 ) ≺ γ 2 . For example let γ(x) be circles (concentric with the boundary) whose radius r(x) increases continuously with the parameter x. Write γ ∞ (x) for (γ(x)) ∞ and area(x) = area(γ ∞ (x)).
We claim that the mapping x → area(γ ∞ (x)) is continuous. This clearly implies that the range of area(x) is the full interval [0, area(A)] .
The continuity is obtained from Proposition 2.2. For any ε 1 > 0, if x 1 < x 2 are close enough, then by inequality (2.6), we have area(γ(x 2 )) − area(γ(x 1 )) < ε 1 . For all n we have γ n (x 1 ) ≺ γ n (x 2 ) and area(γ n (x 2 )) − area(γ n (x 1 )) < ε 1 and inequality (2.5) implies that dist(γ n (x 1 ), γ n (x 2 )) < ε 2 . Hence γ ∞ (x 1 ) and γ ∞ (x 2 ) are ε 2 -close and by (2.6) their areas are ε 3 -close. Each ε j can be made arbitrarily small by making ε j−1 sufficiently small.
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Remark. The construction can be carried out within any "Birkhoff region of instability". The argument shows also that any ordered collection of (T F )-invariant pseudographs can be interpolated and completed to a family like the one described in the theorem.
For a < a we have γ a ≺ γ a , but the two may have a nontrivial intersection. If γ a ∩γ a = ∅ then clearly ρ − (γ a ) = ρ − (γ a ) and the intersection is invariant under F −1 . If the common rotation number is rational the intersection contains periodic orbits.
Next we observe that the common rotation number is in fact always rational. Assume, to the contrary, that α = ρ − (γ a ) is irrational. Then AM(γ a ) = AM(γ a ) since each is the unique minimal F -invariant set on the corresponding γ. Denote by π ϑ the canonical projection of the annulus on T. The image under π ϑ of AM(γ a ) = AM(γ a ) is a closed totally disconnected set E , its complement is a countable union of disjoint open intervals {I n }. F induces an orientation preserving homeomorphism f * = π ϑ •F •(π ϑ ) −1 on E which extends to a homeomorphism f * of T with rotation number α. f * permutes the intervals I n and each orbit of this permutation is infinite.
We associate an "area" with every component I of T \ E, namely the area of the part above I of A i (γ a ) \ A i (γ a ), and check that it is f * invariant. Since each of these is repeated infinitely often and their sum is absolutely summable they must all be zero; on the other hand the sum of the "areas" adds up to a − a. This gives the desired contradiction. Proof. The continuity follows from Lemma 1.2. The monotonicity is an immediate consequence of the twist condition. We work with F −1 since the horizontal partsγ a are invariant for all a. Let a < a , let ζ ∈γ a and let z n ∈γ a have the same ϑ-coordinate as F −n (ζ). Since γ a ≺ γ a , we have r(z n ) ≥ r(F −n (ζ)) and by the twist condition ϑ(F −1 (z n )) ≥ ϑ(z n+1 ) for all n. Since F −1 is orientation preserving onγ a this implies that for all n,
Thus the future-rotation number for F −1 onγ a is no bigger than that onγ a and since ρ − for F is equal to −ρ + for F Remark. AM(γ a ) is semicontinuous in a in the following sense: if a j → a then lim AM(γ aj ) ⊃ AM(γ a ), the limit in the Hausdorff metric. This follows from the fact that AM(γ a ) is the set of F −1 -recurrent points inγ a and that for all other z ∈γ a (assuming that α is irrational) the ϑ-distance of z to the rest of its F −1 orbit is bigger than its distance to AM(γ a ). The (unique) F -invariant measure carried by AM(γ a ) is continuous in a in the weakstar topology of measures.
The proof of the proposition implies, in particular, that if γ * is a minimal F -invariant curve (that is, without invariant subsets and hence with an irrational rotation number α = ρ(γ * )), then the past rotation number of points (that have a past rotation number) is less than α in A e (γ * ) and bigger that α in A i (γ * ). It follows that γ * is precisely the set of all the points in A that have past rotation number α and we see that γ * = γ a for the appropriate a. In other words, any pseudo foliation of the type described above automatically uses as leaves all the minimal invariant curves.
3.5. Additional remarks. a. The construction described in 3.3 is local. It works as is for area-preserving twist maps defined in a (possibly one-sided) neighborhood of an invariant curve and gives a pseudo foliation in some smaller neighborhood. If the rotation number on the (original) invariant curve is rational, the purely local pseudo foliation may have the same rotation number for all its leaves and, without an additional case-specific argument, does not imply the existence of other Aubry-Mather sets. If the original rotation number is irrational we obtain Aubry-Mather sets for all sufficiently close numbers (one-sided if so is the neighborhood).
b.
Using area expanding and area shrinking trimmings along withT we can obtain, by the method used in subsection 3.2, analogs to most of the results that Mather obtains in [3] .
Existence of proper trimming operators.
The results of the previous section depend on the existence of proper trimming operators and would remain hypothetical without a proof of their existence. We give the proof in subsection 4.2. The following subsection provides some scaffolding.
Approximation by polygonal proper curves.
It is convenient to restrict the discussion of the following subsection to polygonal curves. The proposition of the current subsection helps to extend both constructions and claims from the class of polygonal proper curves to all proper curves.
Proposition. Every left-δ-proper curve γ can be approximated arbitrarily well, both from within and from without, by polygonal left-δ-proper curves. The modulus δ(x) can be taken as ≈ 2δ(2x).
Proof. We describe the approximation from within of a curve γ that does not intersect the inner boundary circle C i . The modifications in wording needed for the other cases are left to the reader.
Given N ∈ N, we partition A by a grid into (ϑ, r) squares of side ε = 1/N . Denote by A * N the union of the closed squares that are (entirely) contained in A i (γ), and by A N the connected component of the interior of A * N that touches C i . If N is big enough, A N is a topological annulus whose inner boundary is C i and whose outer boundary is a polygonal curve Γ N .
We parametrize Γ N , as we did γ, so it is traced in the positive orientation it has as an outer boundary component of A N . (In the covering strip we have, as for γ, that ϑ • Γ N increases by 1 when the parameter increases by 1.)
We have no reason to claim that Γ N is proper; it may well have segments pointing straight down. However, the length of any downward segment is bounded by δ(2ε) + 2ε, and ϑ • Γ N is moving in the same direction in the intervals just before and just after a downward pointing segment (in other words: Γ N cannot have downward pointing cliffs). These claims result from the following observation: let σ < τ and assume that for s and t, the line segments (Γ N (σ), γ(s)) and (Γ N (τ ), γ(t)) are both shorter that 2ε and disjoint from both Γ N and γ; assume further that dist(Γ N (σ), Γ N (τ )) > 5ε; then t > s. In fact if we remove the segments (Γ N (σ), γ(s)) and (Γ N (τ ), γ(t)) from A i (γ) \ A N we obtain two components, each a topological disk. The component U that has Γ N [σ, τ ] as part of its boundary, has γ(s) and γ(t) as well and, based on the orientation induced by U , γ is traced from s to t.
Let [Γ N (σ), Γ N (τ )] be a downward pointing segment of length η, let s be such that γ(s) is a point closest (on γ) to Γ N (σ) and t such that γ(t) is closest to Γ N (τ )]. Both distances are clearly less that ε, and we have
Similarly, if ϑ • Γ N is increasing (resp. decreasing) in (σ − ε , σ) and decreasing (resp. increasing) in (τ, τ + ε ) we obtain points s < t such that γ(t) lies directly below γ(s) contradicting Lemma 2.2. Proof. From Proposition 4.1 we see that ifT is a trimming operator defined on polygonal (left)-proper curves and it is area-preserving and order-preserving on those, then it has a unique extension by continuity to all proper curves, and the extension is both area-and order-preserving. Thus it is enough to describe a proper trimming operator on polygonal proper curves.
In what follows we assume that the curves we start from are not pseudographs; no trimming can be done nor is needed for pseudographs.
Let ψ be a proper polygonal curve parametrized as ψ(t) = (ϑ(t), r(t)) with ϑ(t + 1) = ϑ(t) + 1. Recall the notation A(ϑ) = {t : ϑ(t) = ϑ}. If ψ consists of n line segments then A(ϑ) contains at most n points or vertical components of ψ. The restriction of r(t) to A(ϑ) is monotone increasing for every ϑ. Also, any trimming of ψ consists in at most n/2 snippings, since any interval along which ψ is being snipped contains an interval on which ϑ(t) is decreasing.
If t 1 , t 2 ∈ A(ϑ) and ψ t1,t2 is the curve obtained from ψ by snipping it along (t 1 , t 2 ), we denote the gained area, the lost area, and the net gain in area by
and gain(ψ, t 1 , t 2 ) = area(ψ t1,t2 ) − area(ψ) .
As we have seen in Corollary 2.2 each component of either G(ψ, t 1 , t 2 ) or L(ψ, t 1 , t 2 ) has the form J t 1 ,t 2 (ψ) with t 1 ≤ t 1 < t 2 ≤ t 2 and t 1 , t 2 consecutive elements in A(ϑ). J t 1 ,t 2 (ψ) will be part of G(ψ, t 1 , t 2 ) if ϑ(t) is increasing at t 1 (and decreasing at t 2 ) and part of L(ψ, t 1 , t 2 ) in the opposite case; points in A(ϑ) at which ϑ(t) turns around should be ignored.
Similar notation will be used in the more general situation where ψ is a trimming of ψ, t 1 , t 2 are such that ψ(t 1 ) = ψ(t 1 ) and ψ(t 2 ) = ψ(t 2 ). The union of the "gained" J t 1 ,t 2 (ψ) with t 1 ≤ t 1 < t 2 ≤ t 2 is denoted by G( ψ, t 1 , t 2 ), the union of the "lost" J t 1 ,t 2 (ψ) with parameters in (t 1 , t 2 ) is L( ψ, t 1 , t 2 ) and the difference between the areas of these is the net gain gain( ψ, t 1 , t 2 ).
Definition. An interval (t 1 , t 2 ) is removable for ψ if ϑ(t 1 ) = ϑ(t 2 ), (4.1) gain(ψ, t 1 , t ) ≥ 0 for every t ∈ (t 1 , t 2 ) ∩ A(ϑ(t 1 )).
A no-loss-trimming of ψ is a trimmingψ in which all the components along which ψ is being snipped are removable. The net gain, gain(ψ) = area(ψ) − area(ψ), is clearly non-negative and we propose to show that inf gain(ψ) = 0, the infimum for all the no-loss-trimmings of ψ. We show that the infimum is attained for a uniqueψ and defineT ψ as the unique zero gain no-loss-trimming. The order in which this is done is: a. Show that inf gain(ψ) is attained; b. show that its value is zero; c. show that any zero-gain no-loss-trimming operator is automatically orderpreserving (and obtain the uniqueness as a consequence).
a.
We have remarked already that each trimming consists of snipping ψ along fewer than n/2 (n being the number of edges of ψ) disjoint intervals. The collection of all subsets G ⊂ T consisting of no more than n/2 intervals is compact (in the topology given by the metric dist(·, ·)). The subset of these which generate no-losstrimming, that is, in which i. all the components are removable for ψ, ii. ϑ is monotone increasing on T \ G, is non-empty (it contains the set corresponding to the upper envelope) and closed. In fact, a limit of a sequence of such sets clearly satisfies the conditions i. and ii. when no coalescence occurs and, when coalescence does occur, we just need to remark that the union of two "consecutive" removable intervals, i.e. where the second's starting point is the first's endpoint, is removable.
With ψ G denoting the result of trimming ψ along G, it is equally clear that gain(ψ G ), as a function of G, is continuous and therefore attains its infimum.
b.
Let G 0 = ∪I j be a set on which the infimum of gain(ψ G ) is attained. Coalescing, if necessary, adjoining intervals we may assume that the closed intervals I j = [t In what follows we use (t 1 , t 2 ) to denote any of the intervals I j .
Assume that gain(ψ, t 1 , t 2 ) > 0. We claim that for ε > 0 small enough ϑ(t) is increasing both on (t 2 , t 2 + ε) and on (t 1 , t 1 + ε). That ϑ(t) is increasing on (t 2 , t 2 + ε) (as well as on (t 1 − ε, t 1 )) is given by condition ii. above. On the other hand, if ϑ(t) were decreasing 1 on (t 1 , t 1 + ε), and t is the next smallest value in (t 1 , t 2 ) ∩ A(ϑ(t 1 )) we would clearly have gain(ψ, t 1 , t ) < 0.
If gain(ψ, t 1 , t ) > 0 for all t ∈ (t 1 , t 2 ) ∩ A(ϑ(t 1 )), let t ) is decreasing at t 1 (since an increase of t + 1 moves some area from the inside to the outside). This contradicts the minimality of gain(ψ G ) at G 0 .
If for some t ∈ (t 1 , t 2 ) ∩ A(ϑ(t 1 )) we have gain(ψ, t 1 , t ) = 0, then t is a point of increase for ϑ(t). (Otherwise ϑ(t) would be decreasing either in (t − ε, t ) or in (t , t + ε) and gain(ψ, t 1 , t ) < 0 with t the immediate predecessor of t in A(ϑ(t 1 )) in the first case, the immediate successor in the second.)
Let t * be the biggest element of A(ϑ(t 1 )) for which gain(ψ, t 1 , t * ) = 0; we split (t 1 , t 2 ) into (t 1 , t * ) and (t * , t 2 ) and since ϑ(t) is increasing on (t * , t * + ε) we can again contradict the minimality by moving (t * , t 2 ) to the right. c.
Let φ and ψ be proper polygonal curves such that φ ≺ ψ. Let φ and ψ be zero gain no-loss-trimmings of φ and ψ respectively. We claim that φ ≺ ψ, and prove it by showing that the contrary assumption, φ ⊀ ψ, leads to a contradiction. The assumption is equivalent to the statement that ψ intersects A i ( φ), and since the area of ψ is bigger than that of φ, it intersects A e ( φ) as well. Since our curves are oriented by their parametrization we can talk of entry and exit points (e.g., of ψ into and out of A i ( φ)).
Let t i < t e be such that ψ(t i ) ∈ A i ( φ) and ψ(t e ) ∈ A e ( φ). We may take the points ψ(t i ) and ψ(t e ) in adjacent components of ψ∩ A i ( φ) ∪ A e ( φ) so we may assume that ψ (ti,te) intersect φ in a connected set Γ, (either a point or an arc).
The exit point of any pseudograph from the inner annulus of another, as well as its entry to the outer annulus, is always through a point on the "horizontal" part X X X X ẑ (t ) X X X X X y (t ) = ( ! ) P P P P P i The contradiction in the particular case in which ψ = φ, but the trimmed curves are presumed different, proves the uniqueness ofT: φ → φ.
Remark.
One can start the trimming of a given φ by snipping any removable interval of zero gain and then proceed as we did above. This gives a zero gain no-loss-trimming which, by the uniqueness proven above, must beT φ. Thus every zero-gain removable interval is in fact removed byT . It follows that the maximal zero-gain removable intervals are disjoint andT just recognizes them and snips along them.
